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Foreword

The Conference will be under the aegis of the journal “Computational Methods in
Applied Mathematics” (CMAM), and focus on various aspects of mathematical modeling
and numerical analysis. Its scope coincides with the scope of the journal: numerical
methods for initial and boundary value problems for differential and integral equations
appearing in applied mathematics and mathematical physics. It aims, in particular, at
fostering cooperation between researchers working in the area of theoretical numerical
analysis and applications to modeling, simulation, and scientific computing. Another
goal of the CMAM meetings is to strengthen existing contacts and to establish new ones
between scientists from all over the world. This is the eighth conference following earlier
ones in Minsk (Belarus) in 2003, Trakai (Lithuania) in 2005, Minsk in 2007, Bedlewo
(Poland) in 2010, Berlin in 2012, Strobl (Austria) in 2014, Jyväskylä (Finland) in 2016.
The working language of the conference is English.

The CMAM-8 conference is organized by the Institute of Mathematics and the National
Academy of Sciences of Belarus.
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History of CMAM

In the millennium year 2000, the Institute of Mathematics of the National Academy of
Belarus reached a decision to start a new international scientific journal. Their main mo-
tivation was to strengthen international cooperation between East and West in the field of
numerical analysis. A prominent figure in computational mathematics and mathematical
physics, the Russian academician Alexander Samarskii, agreed to head the new project;
and a little later, the Swedish numerical analyst Vidar Thomée also lent his support.
Belarussian businessman Alex Yakoubenia was instrumental in funding the new project.

At that time it was very challenging to establish a new journal; but nevertheless the new
scientific journal, named “Computational Methods in Applied Mathematics” (CMAM),
began to appear in 2001. By the way, the title of the journal was suggested by Professor
Pieter Hemker who later along with Professor Raytcho Lazarov had invested a lot of
forces into the establishment and development of the journal. Samarskii and Thomée were
able to help assembling a prestigious Editorial Board, consisting of well-known numerical
analysts from all over the world, and CMAM established a high scientific standard under
its Managing Editor, Professor Piotr Matus. The permanent executive secretary, Almas
Sherbaf, also put a lot of efforts on the development of the journal. CMAM’s subject areas
include initial and boundary value problems for ordinary and partial differential equations
and integral equations from applied mathematics and mathematical physics. Theoretical
contributions, numerical algorithms and computer simulations are all within the scope of
the journal.

In 2011 Professor Carsten Carstensen became an Editor-in-Chief of the journal CMAM.
Due to his energetic activities and high scientific reputation CMAM has now established
itself as a reputable journal and been accepted by Thomson Reuters for inclusion in the
Web of Science database, starting with volume 15. Nowadays CMAM has become a high-
quality journal with a short reviewing time and almost no space restrictions. CMAM has
the following journal-level metrics:

IMPACT FACTOR 2016: 1.097
CiteScore 2016: 1.09

SCImago Journal Rank (SJR) 2016: 0.872
Source Normalized Impact per Paper (SNIP) 2016: 0.887

Mathematical Citation Quotient (MCQ) 2016: 0.75

CMAM is ranked 94 out of 255 in applied mathematics.
In 2003 the CMAM Editorial Board decided to hold biennial international conferences

entitled “Computational Methods in Applied Mathematics” under the aegis of the journal.
The scope of these conferences coincides with the scope of the journal described above.
Another goal of these CMAM forums is to establish new contacts and to improve existing
ones between numerical analysts from West and East. This cooperation between west and
east will be evidence of the increasing popularity of the CMAM conferences, which have
to become leading international forums for numerical analysis. The Editors also regard
CMAM conferences as a possibility for the editorial board members to meet and to discuss
current journal problems.

The previous meetings were held in Minsk (2003); Trakai, Lithuania (2005); Minsk
(2007); Bedlewo, Poland (2010); Berlin (2012); Strobl, Austria (2014); Jyväskylä, Finland
(2016). At the CMAM-3 conference in Minsk, Professor Vidar Thomee was named Hon-
orary Editor of CMAM in recognition of his strong influence and committed involvement
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and his pioneering efforts in starting the journal. The CMAM-8 conference will be orga-
nized jointly by the Institute of Mathematics of NASB, Minsk and the National Academy
of Sciences of Belarus and will take place in Minsk.

The current structure of the CMAM Editorial Board is as follows: an Editor-in-Chief
(Professor Carsten Carstensen), four Senior Editors, Ivan Gavrilyuk, Ulrich Langer, Piotr
Matus, and Petr Vabishchevich, with Matus as the Managing Editor and Almas Sherbaf
as the Executive secretary. In addition the editorial board contains 20 Associate Editors.

CMAM is a De Gruyter journal. Older papers can be downloaded online and new
issues of the journal are distributed by De Gruyter.
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National Academy of Sciences of Belarus

The National Academy of Sciences of Belarus (the NAS of Belarus, or NASB) is the
highest state scientific organization of the Republic of Belarus. The National Academy of
Sciences reports to the President of the Republic of Belarus and the Council of Ministers
of the Republic of Belarus. It organizes and coordinates fundamental and applied research
performed by all subjects of scientific activities; conducts fundamental and applied research
and developments in crucial areas of natural and technical sciences, humanities, arts, and
social sciences in order to acquire new knowledge about a human, society, nature, artificial
objects, and to increase scientific and technical, intellectual and spiritual potential of the
Republic of Belarus. The National Academy of Sciences of Belarus provides organizational
and technical support for carrying out of state scientific expertise. It also implements
a unified state policies in the field of exploration and use of outer space for peaceful
purposes, coordinates and regulates activities of the organizations involved. The National
Academy of Sciences is an umbrella organization on scientific and methodological support
of informatization development in Belarus, and according to the Law of the Republic of
Belarus On the National Academy of Sciences of Belarus and the Statute of the National
Academy of Sciences of Belarus, it functions as a republican body of state management
in the field of science.

Founded in October 1928 and officially inaugurated on 1 January 1929 under the name
of The Belarusian Academy of Sciences, the National Academy of Sciences of Belarus is the
guiding research center in Belarus, which unites highly skilled scientists of different spe-
cialties and dozens of research, scientific and production, engineering and implementation
organizations. The staff of the Academy of Sciences includes more than 16,000 researchers,
technicians and service personnel whose average age is under 47 years old. There are about
5,350 Researchers, 399 Doctors of Sciences and 1,619 Candidates of Sciences (equivalent
to Ph.D.), including 220 Professors and 491 Associate Professors.
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History of The National Academy of Sciences of Belarus

The National Academy of Sciences of Belarus (formerly: The Belarusian Academy
of Sciences in 1928-1936; The Academy of Sciences of Byelorussian SSR in 1936-1991;
The Academy of Sciences of Belarus in 1991-1997) was founded on the basis of the Insti-
tute of Belarusian Culture (Inbelkult) (1922-1928), which was reorganized to the Academy
through the Resolution of the Central Executive Committee and Council of People’s Com-
missars of the BSSR of October 13, 1928.

Professor Vsevolod M. IGNATOVSKII, Academician (History) was called the first
President of the Academy. The inauguration of the Academy was in Minsk on January
1, 1929, in tenth anniversary of the Byelorussian Soviet Socialist Republic foundation. At
first there were only 128 specialists working at the Academy, with 87 researchers among
them. But from the very outset the Academy has became the leading scientific center
influencing the economic, engineering, social and cultural development of the Republic of
Belarus. In early 1941 the number of the Academy personnel increased up to 750. There
were 12 research bodies, including 9 scientific institutes, in its organizational structure.

The normal research and development activities of the Academy was interrupted by
the World War II. A part of scientists continued their research work in Russia or other
regions of the former Soviet Union. Many specialists of the Academy took part in military
actions against Nazi invaders. The biggest tragedy brought about by the war was the loss
of scientific staff. The whole number of the Academy personnel was about 360 in 1945.
The scientific laboratories, equipment, buildings, the library’s funds were burnt or robbed.

After Minsk liberation in July 1944, by the beginning of 1945 eight Academy’s insti-
tutes renewed their activities, and in 1951 twenty nine research institutions were restored
or created anew. A number of researchers, technicians and supporting personnel increased
to 1234, among them there were 33 Academicians, 27 Corresponding Members, 55 Pro-
fessors and Doctors of Sciences, and 165 Candidates of Sciences working in the Academy.
The structure of further research activities was developed under the influence of changes
in the structure of national economy of Belarus, the requirements of science development,
national traditions and the existing scientific potential. The development of the Academy
and training the researchers for its institutes was supported by the governments of Belarus
and USSR, and also by the famous scientific centers of Moscow, Leningrad and other cities
of the former Soviet Union.

On August 5, 1975, by the Decree of the Presidium of the Supreme Soviet of the
USSR, for merits in the development of Soviet science, economy and culture, the training
of highly qualified scientific personnel the Academy of Sciences of the Byelorussian SSR
was awarded the Order of Friendship of Peoples. On December 26, 1978, by the Decree of
the Presidium of the Supreme Soviet of the USSR, for achievements in the development
of Soviet science, economy and culture, the training of highly qualified scientific personnel
and in connection with its 50th anniversary, the Academy of Sciences of the Byelorussian
SSR was awarded the Order of Lenin.

In accordance with the Decree of the President of the Republic of Belarus No.281 of
May 15, 1997 “On the National Academy of Sciences of Belarus“, the Academy of Sciences
has been transformed into The National Academy of Sciences of Belarus“ with the status
of the highest state scientific organization of the Republic of Belarus responsible for the
coordination and conduct the fundamental scientific research.

In order to enhance the status and increase the responsibility for the development of
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science, by the Ordinance of the President of the Republic of Belarus No.7 of March 5,
2002, the National Academy of Sciences of Belarus assigned some functions of the repub-
lican body of state administration in financing research and innovation, the development
of information systems and scientific and technical information, control of the effective
use of public funds to finance research and development, as well as carrying out scientific
and technical expertise. To effectively deliver on its objectives, NAS of Belarus included
the Academy of Agrarian Sciences of the Republic of Belarus, the Belarusian Republican
Foundation for Fundamental Research, Belarusian State Research and Production Con-
cern of Interddepartmental Mechanical Engineering and Instrumentation, the Belarusian
State Research and Production Concern of Powder Metallurgy, and other organizational
structures were created.

During its 85-year history, the well-known and authoritative scientific schools were
formed in the NAS of Belarus. The Academy scientists achieved significant success in
R&D activities, a series of the large scale theoretical and practical problems in the field
of mathematics, physics, chemistry, biology, Earth science, social sciences and the hu-
manities are solved by them. The research results obtained by the Academician Yev-
menii G. KONOVALOV (Physics, 1972), Academician Afanasii A. AKHREM (Chemistry,
1975), Academician Nikolai A. BORISEVICH (Physics, 1977), Academician Fyodor I.
FEDOROV (Physics, 1980), Academician Veniamin I. VOTYAKOV (Medicine & Biology,
1986), Academician Vladimir S. ULASHCHIK (Medicine & Biology, 1991), and Candi-
date of Chemical Sciences Viktoriya A. LAPINA (Biophysics & Biochemistry, 1991) were
registered as scientific discoveries in the former Soviet Union and are widely recognized
abroad.
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DISCRETIZATION ERROR ESTIMATES FOR DIRICHLET
CONTROL PROBLEMS

Thomas Apel, Johannes Pfefferer
Institut für Mathematik und Bauinformatik, Germany

e-mail: thomas.apel@unibw.de

The investigation of Dirichlet control problems with L2-regularization leads to the
consideration of very weak solutions of boundary value problems. We discretize them here
with piecewise linear finite elements on graded meshes and analyze the error in various
norms. The critical detail is that we cannot use Cea’s lemma since the solution is in general
not in H1. These results close a gap in the analysis of the discretization of Dirichlet control
problems on graded meshes which we will survey as well.
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A DPG METHOD FOR THE KIRCHHOFF–LOVE PLATE BENDING
PROBLEM

Norbert Heuer
Facultad de Matemáticas

Pontificia Universidad Católica de Chile
Santiago, Chile

email: nheuer@mat.uc.cl

In [2] we have developed and analyzed an ultraweak variational formulation for a vari-
ant of the Kirchhoff–Love plate bending model. Based on this formulation, we introduced
a discretization of the discontinuous Petrov–Galerkin type with optimal test functions
(DPG), cf. [1], and proved the well-posedness of the ultraweak formulation and quasi-
optimal convergence of the DPG scheme.

Essential for the analysis is the appropriate treatment of inherent traces, jumps and
trace spaces. An essential difficulty stems from the fact that the bending tensor variable
has a twice-iterated divergence in L2 but that its (single) divergence is less regular in
general.

In this talk we will discuss this problem and also deal with an extended formulation
that involves the gradient of the deflection as an independent unknown.

This is joint work with Thomas Führer, Pontificia Universidad Católica de Chile,
Santiago, Chile, and Antti Niemi, University of Oulu, Finland.

Support by CONICYT through FONDECYT projects 1150056, 11170050, The Magnus
Ehrnrooth foundation, and by Oulun rakennustekniikan säätiö is gratefully acknowledged.
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Problem, SIAM Journal on Numerical Analysis 49 (2011), no. 5, pp. 1788–1809.
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CONSERVATIVE DISCRETIZATIONS AND PARAMETER-ROBUST
PRECONDITIONERS FOR BIOT AND MULTICOMPARTMENTAL

POROELASTIC MODELS

Johannes Kraus
University of Duisburg-Essen

Thea-Leymann-Str. 9, 45127 Essen, Germany
e-mail: johannes.kraus@uni-due.de

Multiple-network poroelastic theory (MPET) has been introduced into geomechan-
ics [1] to describe mechanical deformation and fluid flow in media with different porosities
and permeabilities as a generalization of Biot’s theory [2]. In the last decade, it has also
been applied in medical applications, e.g., for modeling cerebral water transport [5].

The parameters in the governing system of partial differential equations for multicom-
partmental poroelastic models typically vary over several orders of magnitude making its
stable discretization and efficient solution a challenging task [4]. In this talk, the approach
recently presented by Hong and Kraus [3] is generalized to flux-based formulations of
multiple-network poroelastic systems. Proper parameter-dependent norms that provide
the key to establish uniform inf-sup stability of the continuous problems are introduced.
Moreover, strongly mass conservative discretizations that meet the required conditions
for parameter-robust stability are suggested and corresponding optimal error estimates
proved. The transfer of the canonical (norm-equivalent) operator preconditioners from
the continuous to the discrete level lays the foundation for optimal and fully robust it-
erative solution methods. Finally, multigrid methods are discussed that give rise to such
optimal solvers.

This is joint work with Qingguo Hong (Penn State University, U.S.A.), Maria Lymbery
(University of Duisburg-Essen, Germany) and Fadi Philo (University of Duisburg-Essen,
Germany).

REFERENCES

[1] Bai, M., Elsworth, D. and Roegiers, J.-C. (1993) Multiporosity/multipermeability ap-
proach to the simulation of naturally fractured reservoirs. Water Resources Research.
29(6):1621-1633.

[2] Biot, M.A. (1941) General theory of three-dimensional consolidation. J. Appl. Phys.
12(2), 155-164.

[3] Hong, Q. and Kraus, J. (2017) Parameter-robust stability of classical three-field for-
mulation of Biot’s consolidation model. arXiv:1706.00724v2 [math.NA], 2017. (To
appear in ETNA).

[4] Lee, J.J., Mardal, K.-A. and Winther, R. (2017) Parameter-robust discretization and
preconditioning of Biot’s consolidation model. SIAM J. Sci. Comput. 39(1), A1-A24.

[5] Tully, B. and Ventikos, Y. (2011) Cerebral water transport using multiple-network
poroelastic theory: application to normal pressure hydrocephalus. Journal of Fluid
Mechanics 667, Cambridge University Press, 188-215.
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FAST SOLUTION METHODS FOR FRACTIONAL DIFFUSION
PROBLEMS

Svetozar Margenov
Institute of Information and Communication Technologies,

Bulgarian Academy of Sciences
25A Acad. G. Bonchev Str., 1113 Sofia, Bulgaria

e-mail: margenov@parallel.bas.bg

This study is motivated by the recent achievements in fractional calculus and its nu-
merous applications related to anomalous diffusion. Let us consider a fractional power
of a self-adjoint elliptic operator introduced through its spectral decomposition. It is
self-adjoint but nonlocal. The nonlocal problems are computationally expensive. Sev-
eral different techniques were recently proposed to localize the nonlocal elliptic operator,
thus increasing the space dimension of the original computational domain. An alternative
approach is discussed in this talk. Let A be a properly scaled symmetric and positive
definite (SPD) sparse matrix, arising from finite element or finite difference discretization
of the initial (standard, local) diffusion problem. A method for solving algebraic systems
of linear equations involving Aα, 0 < α < 1, is presented. The solution method is based on
best uniform rational approximations (BURA) of the scalar function tβ−α, 0 ≤ t ≤ 1, β is
a small integer. Robust error estimates are obtained. Larger β means stronger regularity
assumptions. This is why β = 1 is the most interesting case from practical point of view.
A stabilized modification of the Remez algorithm is developed to compute the BURA of
tβ−α. Although the fractional power of A is a dense matrix, the algorithm has complexity
of order O(N), where N is the number of unknowns. At this point we assume that some
solver of optimal complexity (say multigrid or multilevel) is used for the involved systems
with matrices A + djI, dj ≥ 0. The presented comparative numerical tests demonstrate
the potential of our approach. The advantages of BURA method are well expressed if,
e.g., the right hand side is in L2 (lower regularity, boundary layers ect.), and for smaller
α (i.e., in the case of stronger super-diffusion). Some more recent results concerning the
novel R-BURA method are included at the end.

REFERENCES

[1] Harizanov, S., Lazarov, R., Margenov, S., Marinov, P., Vutov, Y. (2018) Optimal
Solvers for Linear Systems with Fractional Powers of Sparse SPD Matrices, Numerical
Linear Algebra with Applications, DOI: 10.1002/nla.2167

[2] Harizanov, S., Margenov, S. (2018) Positive Approximations of the Inverse of Frac-
tional Powers of SPD M-Matrices, to appear in Springer Lecture Notes in Economics
and Mathematical Systems, available as arXiv:1706.07620

[3] Harizanov, S., Margenov, S. (2018) Comparison Analysis on Two Numerical Solvers
for Fractional Laplace Problems, to appear in Advanced Computing in Industrial
Mathematics, Springer Studies in Computational Intelligence
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GEOMETRY AND NUMERICAL METHODS FOR
MIXED-DIMENSIONAL PARTIAL DIFFERENTIAL EQUATIONS

Jan Martin Nordbotten
University of Bergen, Norway,

Postboks 7803
5020 Bergen

e-mail: jan.nordbotten@math.uib.no

We consider mixed-dimensional partial differential equations, wherein the domain can
be decomposed into sequences of manifolds of successively one lower dimension. These
models arise in applications such as flow in fractured porous media and plate-reinforced
materials.

Within this context, we make precise the required geometrical setting, as well as mixed-
dimensional extensions of classical function spaces and differential operators. We show that
these generalizations preserve most of the structure from fixed-dimensional calculus.

Moreover, we provide finite-dimensional subspaces, and provide some results on sta-
bility and convergence. We close the talk with numerical results on complex geometries
arising from real-world applications.

20
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Utilizing tools from functional analysis, we

• prove a comprehensive solution theory,

• show corresponding variational formulations,

• and present functional a posteriori error estimates

for general linear first order systems of type

A1 x = f,

A∗0 x = g,

for two densely defined and closed (possibly unbounded) linear operators A0 and A1 having
the complex property

A1A0 = 0.

As a prototypical application we will discuss the system of electro-magneto statics in 3D
with mixed tangential and normal boundary conditions

rotE = F,

−div εE = g.

Our theory covers a lot more applications in 2D, 3D, and ND, such as differential forms
and all kind of systems arising, e.g., in general relativity, biharmonic problems, Stokes
equations, or linear elasticity, to mention just a few, for example

dE = F, RotSM = F, DivT T = F, Rot Rot>S S = F,

−δ εE = G, divDivS εM = G, symRotT εT = G, −DivS εS = G,

all with possibly mixed boundary conditions of generalized tangential and normal type.
Using the same techniques, second order systems of types

A∗1A1 x = f, A∗1A1 x = f,

A∗0 x = g, A0A∗0 x = g

can be considered as well.
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MINISYMPOSIUM 1: PETROV-GALERKIN METHODS:
MATHEMATICAL ASPECTS AND APPLICATIONS

OPTIMAL CONVERGENCE RATES FOR ADAPTIVE
LOWEST-ORDER DISCONTINUOUS PETROV-GALERKIN

SCHEMES

Carsten Carstensen & Friederike Hellwig
Department of Mathematics, Humboldt-Universität zu Berlin,

e-mail: cc@math.hu-berlin.de

The discontinuous Petrov-Galerkin methodology enjoys a built-in a posteriori error
control in some computable residual term plus data approximation terms. This talk advo-
cates an alternative error estimator, which is globally equivalent, but allows for the proof
of the axioms of adaptivity and so guarantees optimal convergence rates of the associated
adaptive algorithm.

The talk exemplifies the analysis for the Poisson model problem with a right-hand side
f in L2 in the polyhedral domain simultaneously for the four lowest-order discontinuous
Petrov-Galerkin schemes. Those are rewritten in terms of the first-order nonconforming
Crouzeix-Raviart functions, with respect to a shape-regular triangulation T into simplices,
some projection Q and the Galerkin projection G onto the conforming P1 finite element
subspace. The novel error estimator consists of the expected volume contributions and
the jump terms of the piecewise gradient of the Crouzeix-Raviart solution across the sides
of any simplex. The estimator exclusively involves the Crouzeix-Raviart solution and
seemingly ignores the conforming contribution, but surprisingly also controls the total
error term. The optimal convergence rates rely on standard arguments for stability and
reduction, while the discrete reliability involves an additional term and eventually enforces
the additional condition of a sufficiently small initial mesh-size for optimal convergence
rates. The presentation is on ongoing joint work with Friederike Hellwig.
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A DPG FRAMEWORK FOR STRONGLY MONOTONE
OPERATORS

Pierre Cantin & Norbert Heuer
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We present and analyze a hybrid technique to numerically solve strongly monotone non-
linear problems by the discontinuous Petrov–Galerkin method using optimal test functions.
Our strategy is to relax the nonlinear problem to a linear one with additional unknowns
and to consider the nonlinear relation as a constraint. We propose to use optimal test
functions only for the linear problem and to enforce the nonlinear constraint by penal-
ization. Our scheme can be seen as a minimum residual method with nonlinear penalty
term. We prove under appropriate assumptions the well-posedness of the continuous for-
mulation and the quasi-optimal convergence of its discretization. As an application we
consider an advection-diffusion problem with nonlinear diffusion of strongly monotone
type. Some numerical results in the lowest-order setting are presented to illustrate the
predicted convergence.
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We present recent results from [2] where we consider DPG methods with optimal test
functions and broken test spaces based on ultra-weak formulations of general second order
elliptic problems. Under some assumptions on the regularity of solutions of the model
problem and its adjoint, superconvergence for the scalar field variable is achieved by either
increasing the polynomial degree in the corresponding approximation space by one or by
a local postprocessing. We provide a uniform analysis that extends and generalizes [1]
and allows to treat different test norms. Particularly, we show that in the presence of
convection only the quasi-optimal test norm leads to higher convergence rates, whereas
other norms considered do not. Moreover, we also prove that our DPG method delivers
the best L2 approximation of the scalar field variable up to higher order terms, i.e. a
supercloseness result, which is the first theoretical explanation of an observation made
previously by different authors. Numerical studies that support our theoretical findings
are presented.
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In this presentation, a least squares finite element method (LSFEM) is presented for
the first order system of hyperelasticity defined over the deformed configuration in order
to approximate the Cauchy stress tensor. Unlike the first Piola-Kirchhoff stress tensor,
the Cauchy stress tensor is symmetric, a property intimately related to the conservation
of angular momentum. With this work, we wish to explore the possibility of imposing the
symmetry of the stress tensor, strongly or weakly, in non-linear elasticity.

Firstly, an overview of a LSFEM for hyperelasticity (over the reference configuration)
by Müller et al. [1] is presented. Secondly, we address the question of under which
conditions can a first order system over the deformed configuration be considered. Then,
the former LSFEM is extended to the deformed configuration; we introduce a Gauss-
Newton method for solving the non-linear minimization problem and show that, under
small strains and stresses, the least-squares functional represents an a posteriori error
estimator. Finally, we display numerical results for two test cases. These results indicate
that this LSFEM is capable of giving reliable results even when the regularity assumptions
from the analysis are not satisfied.
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A FINITE ELEMENT METHOD FOR PDES IN TIME-DEPENDENT
DOMAINS
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In the talk we discuss a recently introduced [1] finite element numerical method for the
solution of partial differential equations on evolving domains. The approach uses a com-
pletely Eulerian description of the domain motion. The physical domain is embedded in
a triangulated computational domain and can overlap the time-independent background
mesh in an arbitrary way. The numerical method is based on finite difference discretiza-
tions of time derivatives and a standard geometrically unfitted finite element method with
an additional stabilization term in the spatial domain. The performance and analysis
of the method rely on the fundamental extension result in Sobolev spaces for functions
defined on bounded domains. Theoretical findings include a complete stability and error
analysis, which accounts for discretization errors resulting from finite difference and finite
element approximations as well as for geometric errors coming from a possible approxi-
mate recovery of the physical domain. We show numerical examples that illustrate the
theory and demonstrate the practical efficiency of the method.
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A standard finite element least squares approximation of the Dirichlet problem −∆u =
f in Ω, u = 0 on ∂Ω, seeks uh in Sh ⊂ H1

0 (Ω) and σh in V h ⊂H(div,Ω) minimizing

F(v, τ ) = ||τ + grad v||2L2(Ω) + ||div τ − f ||2L2(Ω)

over Sh × V h. When V h is taken to be the Raviart-Thomas space of index r ≥ 0, then
the approximation order for divσ drops from hr+1 to hr when moving from parallelogram
meshes to more general ones that include e.g. trapezoidal elements. For standard least
squares finite element method, the poor approximation of the divergence degrades the
approximation order of the scalar variable u as well but this does not seem to be the
case when the analogous approximation is constructed based on the discontinous Petrov-
Galerkin method with optimal test functions.

This talk is devoted to review and analysis of approximation properties of quadrilateral
finite element spaces in the two-dimensional case. Numerical experiments featuring least
squares, mixed and Petrov-Galerkin finite element approximations of the solution of the
Dirichlet problem are shown. Some results on this topic may be found in [1, 2].
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BCAM - Basque Center for Applied Mathematics,

Alameda de Mazarredo, 14
E48009 Bilbao, Basque Country - Spain

e-mail: psepulveda@bcamath.org

There has been increasing interest recently in direct spacetime discretizations, where
time is viewed as another coordinate. Some reasons for investigating these approaches
include their potential for performing natural spacetime adaptivity, possibility to obtain
convergence even under limited spacetime regularity, exploitation of parallelism without
causality constraints, and treatment of moving boundaries. Since the DPG method has
a built-in error estimator and exhibits good pre-asymptotic mesh-independent stability
properties, it is natural to consider its extension to spacetime problems.

In this talk, we will present the conditions that lead to a wellposed weak formulation,
and how the built-in estimator of the DPG method is useful for spacetime adaptive re-
finement for the wave operator. For practical implementations of the wave problem, we
will show that depending on how the interfacial variables are treated, the discrete system
may have a nontrivial kernel for some alignments of facets. We will present two strategies
that can deal with the nontrivial kernel and lead to optimal convergence rates in different
type of meshes.
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ADAPTIVE FIXED-STRESS ITERATIVE COUPLING SCHEMES
FOR BIOT’S CONSOLIDATION MODEL

Elyes Ahmed
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P. O. Box 7800, N-5020 Bergen, Norway
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We consider in this work iterative coupling schemes for the Biot system modeling
coupled flow and geomechanics in a poro-elastic medium and derive a posteriori error
estimates and adaptive strategies for its approximate solutions based on MFE methods
in-space and a backward Euler scheme in-time. To this aim, we consider the space-time
formulation of the fixed-stress iterative scheme, in which we first solve the problem of
flow over the whole space-time interval, then exchanging the space-time information for
solving the problem of mechanics. This algorithm is then discretized with MFE meth-
ods in-space and in-time with a backward Euler scheme. We also review the multirate
scheme in which the flow and mechanics problems are solved sequentially through time
windows; we solve the mechanics and flow problems by taking multiple finer time steps
for flow within one coarse mechanics time step, then iterating between the two problems
until convergence. For the aforementioned algorithms, we derive a guaranteed and fully
computable a posteriori error estimate which in particular takes into account the iterative
coupling error. Precisely, at the iteration k ≥ 1 of each of algorithms, the estimate yield
a guaranteed and fully computable upper bound on the energy-type error measuring the
difference between the exact and the approximate pressure and displacement. The er-
ror components resulting from the spatial discretization, the temporal discretization and
the iterative coupling are distinguished. We also separate the pressure error components
from those of displacement errors. They are then efficiently used to adapt the temporal
meshes and to design a stopping criteria for the iterative coupling algorithms. Numerical
experiments illustrate the efficiency of our estimates and the performance of the adaptive
iterative coupling algorithms.
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COMPRESSIBLE DARCY FLOW IN POROUS MEDIA
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Slightly compressible single-phase Darcy flow in porous media is described by the
nonlinear system (cf. [2])

u = −Kρ(p)(∇p− ρ(p)g) in Ω× (0, T ],

φρ(p)t +∇ · u = f in Ω× (0, T ],

supplemented with suitable initial and boundary data, where Ω ⊂ Rd, d = 2 or 3, is
a convex polygonal or polyhedral domain with Lipschitz continuous boundary ∂Ω. In
this formulation, p stands for the fluid pressure and u is the Darcy velocity. Additional
data include the porosity of the medium φ, the mass flux source term f , a second-order
symmetric and positive definite tensor K representing the rock permeability divided by
the fluid viscosity, and the gravitational acceleration vector g. The model is closed with
an equation of state that determines the fluid density ρ as a function of the pressure p,
i.e.,

ρ(p) = ρref e
cf (p−pref),

where ρref and pref are the reference density and pressure, respectively, and cf is the fluid
compressibility constant.

In this work, we consider multipoint flux mixed finite element discretizations (cf. [1])
for approximating the solution of the given problem. The methods can be formulated
on general meshes composed of triangles, quadrilaterals, tetrahedra or hexahedra. An
inexact Newton method that allows for local velocity elimination is proposed for solving
the nonlinear fully discrete scheme. We derive optimal error estimates for both the scalar
and vector unknowns in the semidiscrete formulation. Numerical examples further illus-
trate the convergence behaviour of the methods, and their performance on test problems
including permeability coefficients with increasing heterogeneity.
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A POSTERIORI ERROR ESTIMATION BY STRESS AND FLUX
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In this talk, flux and stress equilibration procedure for the Biot’s consolidation (see
[2]) problem using Raviart-Thomas elements with weakly symmetry as in [4] are proposed
and analyzed. The stress tensor is reconstructed from a displacement-pressure approxi-
mation computed with a stable finite element pair. The Darcy velocity is reconstructed
in the Raviart-Thomas finite element space, such that both reconstructions are H(div)-
conforming, and the equilibration procedure offering serveral advantages (see [1]) can be
used. In particular, these reconstructions are build on vertex patches (see also [3]) such
that they lead to a local efficient a posteriori error estimator for the Biot’s consolidation
problem, involving constants that depends only on the shape regularity of the triangula-
tion.
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MODELING FLOWS IN FRACTURED POROUS MEDIA BY A
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This work is devoted to the new hybrid method for solving a system of advection-
diffusion equations in a bulk domain coupled to advection-diffusion equations on an em-
bedded surface. The method is applied for modeling flows in fractured porous medium.
Fractures in a porous medium are considered as sharp interfaces between the surrounding
bulk subdomains. The surface of fracture is not fitted by the mesh and can cut through
the background mesh in an arbitrary way. The background mesh is an octree grid with
cubic cells. A monotone nonlinear finite volume method [1] for equations posed in the
bulk is combined with a octree trace finite element method for equations posed on the sur-
face [2]. In the octree TraceFEM one considers the bulk finite element space of piecewise
trilinear globally continuous functions and further uses the restrictions (traces) of these
functions to the surface. The hybrid method demonstrates great flexibility in handling
curvilinear or branching embedded structures. The numerical properties of the approach
are illustrated in a series of numerical experiments with different embedded geometries.
More results on this topic may be found in [3, 4].
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We consider a stabilization of the popular P1-RT0-P0 discretization of the three-field
formulation of the poroelasticity problem. This element does not satisfy an inf-sup con-
dition independently of the physical parameters and therefore one can expect to have
problems in the numerical simulations. The piecewise linear finite element space can be
enhanced, however, with the normal components of the bubble basis functions for the
faces of the elements of the triangulation, giving rise to a stable discretization for the
poroelasticity problem. Within this framework, the degrees of freedom corresponding to
the bubbles can be eliminated, resulting a stable scheme with the same number of degrees
of freedom than the classical P1-RT0-P0. Furthermore, since when the permeability tends
to zero we obtain a Stokes-type problem, we can think of generalizing the proposed finite
element scheme for the solution of the Stokes equations. It results in a stable discretization
for Stokes problem with the lowest number of degrees of freedom.
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In this talk, a multilevel Monte Carlo (MLMC) method for Uncertainty Quantifica-
tion (UQ) of advection-dominated contaminant transport in a coupled Darcy-Stokes flow
system will be presented. In particular, we will focus on high-dimensional epistemic un-
certainty due to an unknown permeability field in the Darcy domain that is modeled as
a lognormal random field. Different numerical strategies are explored for the subprob-
lems and an optimal combination for the MLMC estimator is suggested. Specifically,
we propose a monolithic multigrid algorithm to efficiently solve the steady-state Darcy-
Stokes flow with a highly heterogeneous diffusion coefficient. Furthermore, we describe an
Alternating Direction Implicit (ADI) based time-stepping for the flux-limited quadratic
upwinding discretization for the transport problem. Numerical experiments illustrating
the performance of the multigrid MLMC method with respect to the smoothness of per-
meability field will be discussed in detail.
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The paper is concerned with a posteriori error estimates for problems in poroelastic
media on the example of quasi-static linear Biot problem [1]. In particular, it addresses
such an important question as the control of the approximation error arising in the iterative
and monolithic schemes used for the semi-discrete counterpart of Biot system (obtained
by explicit Euler discretisation). The derivation of the error bounds is based on the
combination of the Ostrowski estimates [2] and functional a posteriori error estimates (so-
called majorants) for the elliptic problems originally introduced in [3, 4]). The validity
of the first estimates is based on the contraction property of the fixed-stressed splitting
scheme [5] used for decoupling. Derived error bounds are applicable for any approximation
from the admissible functional space and independent of the numerical method used for its
reconstruction. They are also fully computable and do not contain any mesh dependent
constants. Functional estimates provide not only the reliable global estimates of the error
measured in the terms of the energy norm but an efficient error indicator of the local error
distribution over the computational domain. The latter property makes derived estimates
advantageous for automated adaptive mesh generation algorithms and error indication.
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This talk will present two standard approaches to the construction of precondition-
ers to Biot’s model of poroelasticity and the respective preconditioners. The algebraic
approach deals directly with the matrices resulting from the discretization and focuses
on finding a suitable spectraly equivalent preconditioner using standard algebraic tools
like Schur complement and strengthened CBS constants. The approach based on oper-
ator preconditioning focuses on finding suitable norms for the spaces used in variational
formulation.

These two approaches will be applied to the variant of the Biot’s model that uses three
fields to describe the state of the porous environment: displacement, pore pressure and
fluid flow after time discretization by the implicit Euler scheme. The preconditioners will
be compared with the stress on dependence on model parameters. For reference see e. g.
[1, 2, 3, 4]
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Multiple-network poroelastic theory (MPET) arises as a result of generalizing Biot’s
consoladation model which describes the coupling of mechanical deformation and fluid flow
in porous media. This allows for the modelling of a range of different stress distributions in
conjunction with changes to fluid distribution throughout the media. As a result, MPET
finds application, for example, in rock mechanics, see [1] and cerebrospinal fluid dynamics,
see [4, 2].

The variety of phenomena to which MPET can be applied implies that the parameters
of the governing system of partial differential equations can vary over several orders of
magnitude which makes its stable discretization a difficult task.

Here, the methodology from [3] is generalized to show the uniform inf-sup stability of
the weak formulation of the MPET equations using proper parameter-dependent norms.
Numerical tests validating the proven theoretical results are presented.

This project is joint work with Qingguo Hong (Penn State University, USA), Johannes
Kraus (University of Duisburg-Essen, Germany) and Fadi Philo (University of Duisburg-
Essen, Germany).
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In this talk we analyze the Tikhonov regularization for ill-posed backward nonlin-
ear Maxwells equations. We propose a variational source condition (VSC), leading to
power-type convergence rates for the Tikhonov regularization. By means of the complex
interpolation theory, the proposed VSC is verified under a piecewise Hs-type Sobolev
regularity assumption on the exact initial data. The second part of the paper is focused
on the sensitivity analysis for the nonlinear forward Maxwell system and the first-order
optimality conditions for the Tikhonov regularization. As a final result, we prove a strong
convergence result for the corresponding adjoint state with power-type convergence rates
based on VSC.
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A new stabilized finite element method is analyzed for solving the Stokes equations.
The key feature of the method is taking the integral

∫
Ω |curlv|2 instead of the conventional

Dirichlet integral
∫

Ω |∇v|2. Thus, the method is very flexibly applicable to two problems of
Stokes equations in terms of velocity and pressure with either pressure-Dirichlet boundary
condition or velocity-Dirichlet boundary condition. It covers the low regularity solution
of very weak non H1 space solution of Stokes problem of pressure-Dirichlet boundary
condition as well as higher regularity solutions of Stokes problems of either pressure-
Dirichlet boundary condition or velocity-Dirichlet boundary condition. For both Stokes
problems, the finite element scheme and the finite element space of velocity are the same
and one, where only the finite element spaces of pressure have small differences. A general
analysis of stability and error estimates are established, and applications to both Stokes
problems are further analyzed. Numerical results are presented to confirm the theoretical
results.
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We consider the design optimization of an electric motor whose two-dimensional cross
section consists of ferromagnetic material, air, permanent magnets and coil areas. Given
a design subdomain of the motor, we are interested in finding the optimal distribution of
ferromagnetic material and air within this subdomain (two-material optimization) on the
one hand, and in the optimal distribution of ferromagnetic material, air and permanent
magnets (three-material optimization) on the other hand.

For the two-material case, we consider the level-set algorithm [1] which is based on the
topological derivative, i.e., the sensitivity of the design-dependent objective function with
respect to the introduction of an inclusion of different material, see [2]. We generalize the
algorithm of [1] to the case of three materials and show numerical results.

Moreover, following [3], we investigate methods that ensure the regularity and manu-
facturability of the optimized designs by imposing a bound on the perimeter of the arising
structures.
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INTEGRAL EQUATION ON SCREENS

Ralf Hiptmair, Carolina Urzúa-Torres
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We consider the electric field integral equation (EFIE) arising from the scattering of
time-harmonic electromagnetic waves by a perfectly conducting screen. When discretizing
the EFIE by means of low-order Galerkin boundary element methods (BEM), one obtains
linear systems that are ill-conditioned on fine meshes and this makes iterative solvers
perform poorly. In order to reduce the number of iterations required to find a solution,
one applies preconditioning. Finding a suitable preconditioner for the case of screens poses
some challenges due to the energy trace spaces at hand. Moreover, since solution of the
EFIE on screens feature edge singularities, it is desirable that the preconditioner can also
handle meshes refined towards the boundary of the screen.

The standard “Calderón preconditioning” technique is suboptimal when dealing with
screens [1]. In addition, it requires a div-conforming dual finite element space such that
the curl/div duality pairing matrix is well conditioned. The existing technique resorts to
so-called Buffa-Christiansen (BC) functions [2] to fulfill this property on uniform meshes.
However, the resulting dual pairing matrix becomes ill-conditioned as the ratio hmax/hmin

increases and demands additional manipulations in order to handle non-uniform meshes.
We present a new strategy to build a preconditioner for the EFIE on screens using

operator preconditioning. For this, we construct a compact equivalent inverse of the EFIE
operator on the disk using recently found Calderón-type identities [3]. Furthermore, stable
discretization of our preconditioner relies only on dual meshes for low-order Lagrangian
finite element spaces, which are used to discretize the same scalar energy trace spaces that
arise from the Laplacian. As a consequence, our approach allows for non-uniform meshes
without additional computational effort. We conclude our presentation by showing some
numerical results.
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We prove a comprehensive solution theory using tools from functional analysis, show
corresponding variational formulations, and present functional a posteriori error estimates
for general linear first order systems of type

A2x = f,

A∗1x = g,

for two densely defined and closed (possibly unbounded) linear operators A1 and A2 having
the complex property A2A1 = 0. As a prototypical application we will discuss the system
of electro-magneto statics in 3D with mixed tangential and normal boundary conditions

rotE = F,

−divεE = g.

Our theory covers a lot more applications in 2D, 3D, and ND, such as general differential
forms and all kind of systems arising, e.g., in general relativity, biharmonic problems,
Stokes equations, or linear elasticity, to mention just a few. Second order systems of types

A∗2A2x = f, A∗2A2x = f,

A∗1x = g, A1A
∗
1x = g

will be considered as well using the same techniques.
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We will present theoretical and numerical results for finite element methods for electro-
magnetic problems. These methods are based on the Hodge decomposition of divergence
free vector fields. We will discuss time-harmonic Maxwell equations and fourth order curl
problems on planar domains, where the vector equations can be reduced to scalar elliptic
problems that can be solved by using simple Lagrange finite elements. Extension to three
dimensions will also be addressed.
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EXPLICIT STABILITY ESTIMATE FOR THE HELMHOLTZ
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We investigate the stability of the Helmholtz equation with non-smooth, rapidly os-
cillating coefficients on bounded domains. Injectivity of the problem is proved for a large
class of coefficients by the unique continuation principle. However, this does not give
directly a coefficient-explicit energy estimate.

First estimates of this kind were established for non-constant, smooth coefficients in
1D in [1]. In dimension d = 1, 2, 3 and for constant coefficients, such estimates go back
to Melenk 1995. Results for a larger class of coefficients in 1D were established in [2]
(piecewise constant coef.) and [3] (piecewise monotonic coef.) and in the multidimensional
case in [4, 3] (slowly varying coefficients).

In this talk, we will present a new theoretical approach for the one-dimensional problem
and find that for a class of oscillatory and discontinuous coefficients, the stability constant
(i.e., the norm of the solution operator applied to a r.h.s. in L2(Ω)) is bounded by a term
independently of the number of discontinuities. We present examples of coefficients so
that the solution has exponentially increasing local energy with respect to the frequency
at any predetermined location inside the domain, showing that our estimates are sharp.
If the media is periodic, we show that the problem behaves much more stable than the
general case.
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The Helmholtz scattering problem with high wave number is truncated by the perfectly
matched layer (PML) technique and then discretized by the linear continuous interior
penalty finite element method (CIP-FEM). It is proved that the truncated PML problem
satisfies the inf–sup condition with inf−−sup constant of order O(k−1). Stability and
convergence of the truncated PML problem are discussed. In particular, the convergence
rate is twice of the previous result. The preasymptotic error estimates in the energy norm
of the linear CIP-FEM as well as FEM are proved to be C1kh + C2k

3h2 under the mesh
condition that k3h2 is sufficiently small. Numerical tests are provided to illustrate the
preasymptotic error estimates and show that the penalty parameter in the CIP-FEM may
be tuned to reduce greatly the pollution error.
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In this talk, we discuss a hyperbolic Maxwell-type variational inequality with temper-
ature effects arising from Bean’s critical-state model in superconductivity. We propose
a fully discrete scheme based on the implicit Euler in time and a mixed FEM in space
consisting of Nédélec’s edge elements for the electric field and piecewise constant elements
for the magnetic induction. Under a regularity assumption on the initial data and a spe-
cific setting of the initial approximation, we prove that the fully discrete scheme admits
a unique solution satisfying the discrete Gauss law, which turns out to be the key point
for our analysis. Hereafter, stability estimates for the zero-oder and first-order terms of
the proposed approximation are investigated. Our main result is the strong convergence
of the fully discrete scheme without any further regularity assumption. In particular, the
convergence result yields the existence of a unique solution for the variational inequality
obeying the physical Gauss law. Furthermore, a priori error estimates are investigated
under an additional Lipschitz assumption on the critical current and the temperature dis-
tribution as well as a higher regularity assumption on the continuous solution. We close
our talk by presenting some 3D numerical results, which in particular confirm the physical
Meissner-Ochsenfeld effect in superconductivity.
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In this talk, I shall introduce an adaptive edge element method for a quasilinear
H(curl)-elliptic problem in magnetism, based on a residual-type a posteriori error es-
timator and general marking strategies. The error estimator is shown to be reliable and
efficient, and its resulting sequence of adaptively generated solutions converges strongly to
the exact solution of the original quasilinear system. Numerical experiments are provided
to verify the validity of the theoretical results. This is a joint work with Irwin Yousept
(University of Duisburg-Essen, Germany) and Jun Zou (The Chinese University of Hong
Kong, China).
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Blind image deconvolution is the process of estimating both the original image and the
blur kernel from the degraded image with only partial or no information about degradation
and the imaging system. It is a bilinear ill-posed inverse problem corresponding to the
direct problem of convolution. Regularization methods are used to handle the ill-posedness
of blind deconvolution and get meaningful solutions. In this talk, we investigate a convex
regularized inverse filtering method for blind deconvolution of images. We assume that
the support region of the blur object is known, as has been done in a few existing works.
By studying the inverse filters of signal and image restoration problems, we observe the
oscillation structure of the inverse filters. Inspired by the oscillation structure of the
inverse filters, we propose to use the star norm to regularize the inverse filter. Meanwhile,
we use the total variation to regularize the resulting image obtained by convolving the
inverse filter with the degraded image. The proposed minimization model is shown to be
convex. We employ the first-order primal-dual method for the solution of the proposed
minimization model. Numerical examples for blind image restoration are given to show
that the proposed method outperforms some existing methods in terms of peak signal-to-
noise ratio (PSNR), structural similarity (SSIM), visual quality and time consumption.
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Magnetohydrodynamic (MHD) equations describe the dynamic behavior of electrically
conducting fluid and the coupling between the fluid andthe magnetic field.Ithas broad ap-
plications in fluid dynamics and plasma physics.But numerical computations for 3D MHD
equations are very challenging, particularly for large Hartmann number. For incompress-
ible fluid, both the velocity of the fluid and the magnetic field are divergence-free. It is
desirable in practical applications that the numerical solutions are also divergence-free ex-
actly. In this talk, I will present a fully divergence-free finite element method for 3D MHD
equations so that both the velocity and the magnetic flux density are exactly divergence-
free. An efficient preconditioner is proposed to solve the discrete problems. We validate
the model and demonstrate the method by extensive numerical experiments.
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In this talk, we present a general framework for direct sampling methods, then apply
them to several ill-posed wave-type and non-wave-type nonlinear inverse problems, includ-
ing inverse acoustic and electromagnetic medium scattering problems, electrical impedance
tomography and diffusive optical tomography. Numerical experiments will be presented
to demonstrate the robustness and effectiveness of the methods.
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Let us consider a finite part singular integral equation of the form

1

π

∫ 1

−1

ψ(x)

(x− t)2
dx+

∫ 1

−1
k(x, t)ψ(x)dx = f(t), −1 ≤ t ≤ 1, (1)

subject to ψ(−1) = ψ(1) = 0, where the functions k(x, t) and f(t) are given real-valued
Hölder continues functions.

It is known that the analytic solution of Eq. (1) in the case k(x, t) = 0, is given by

ψ(x) =
1

π

∫ 1

−1
f(t)R(x, t) dt, −1 ≤ x ≤ 1, (2)

where

R(x, t) = ln |Q(x, t)|, Q(x, t) =
x− t

1− xt+
√

(1− x2)(1− t2)
. (3)

The function R(x, t) has some special properties which help us to get an error bound
for approximate solution of Eq. (1) in its equivalent Fredholm integral equation form.
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We consider a strongly heterogeneous medium saturated by an incompressible viscous
fluid as it appears in geomechanical modeling such as reservoir engineering. This so-called
poroelasticity problem is of multiscale nature meaning that the material parameters may
oscillate rapidly. Thus, classical simulation techniques fail to approximate the solution in
an appropriate manner unless the underlying mesh resolves the data variations.

In this talk, we propose a numerical method, which is based on the local orthogonal
decomposition technique and motivated by a similar approach used for linear thermoelas-
ticity. Therein, local corrector problems are constructed in line with the static equations,
whereas we propose to consider the full system. This allows to benefit from the given sad-
dle point structure and results in two decoupled corrector problems for the displacement
and the pressure. The advantages of this new method are illustrated by several numerical
examples.

This is joint work with Eric Chung, Roland Maier, Daniel Peterseim, and Sai-Mang
Pun, cf. [1].
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Practical, asymptotically correct local error estimation for one-step schemes applied
to evolution equations

∂tu(t) = H(u(t)), u(0) = u0,

can be based on the defect of the numerical solution, which can be defined in differently:

• Linear case (see [1] and references therein): H(u) = H·u, with exact solution u(t) =
E(t)u0 = exp(tH)u0. The fundamental solution E(t) commutes with H, whence

∂tE(t) = HE(t) = 1
2

(
HE(t) + E(t)H

)
.

Let S(t)u0 ≈ E(t)u0 represent an approximation obtained after a single time step.
Assume that S(t) is time-reversible, i.e., S(−t)S(t) = Id. We define

classical defect: Dc(t)u0 :=
(
∂tS(t)−HS(t)

)
u0,

symmetrized defect: Ds(t)u0 :=
(
∂tS(t)− 1

2(HS(t) + S(t)H)
)
u0.

• Generalization to nonlinear case: The exact solution is u(t) = E(t, u0), where the
flow E( · , · ) satisfies H(E(t, u0)) = ∂u0E(t, u0) ·H(u0), whence

∂tE(t, u0) = H(E(t, u0)) = 1
2

(
H(E(t, u0)) + ∂u0E(t, u0) ·H(u0)

)
.

Let S(t, u0) ≈ E(t, u0) represent an approximation obtained after a single time step.
Assume that S(t, · ) is time-reversible, i.e., S(−t,S(t, · ))) = Id. We define

classical defect:

Dc(t, u0) := ∂tS(t, u0)−H(S(t, u0)),

symmetrized defect:

Ds(t, u0) := ∂tS(t, u0)− 1
2

(
H(S(t, u0)) + ∂u0S(t, u0) ·H(u0)

)
.

We explain this type of local error estimates and prove and verify by examples that for
time-reversible schemes the version based on the symmetrized defect yields, asymptotically
for t→ 0, a significantly higher accuracy. The extension to problems with time-dependent
data is also discussed.
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HTGRs are one of the promising types of reactors in modern nuclear power engineering.
One of the most important problem of HTGRs is the calculation of the temperature
distribution inside the reactor. The numerical modeling of heat transfer during the cooling
of fuel rods inside reactors of such type has the particular importance. The modeling heat
transfer processes in 3D requires a huge amount of computation resources. Therefore it is
necessary to use parallel computations on supercomputers.

Here the report represents the result of 3D modeling of the turbulent flow near fuel
rods with a given heat release from their surface. The calculation is performed for the
fuel assembly which consists of three rows of cylindrical fuel rods placed staggered. The
cooling gas is helium. The LES method [1], supplemented by the Smagorinsky turbulence
model for the vortex viscosity, is used to calculate turbulent flows. This method allows
us to obtain solutions for a variety of types of flows (boundary layers, jets, separation
currents, etc.). The computational algorithm is based on the explicit difference schemes
on the spaced Cartesian grids, constructed by using the finite volume method. The explicit
schemes is chosen due to benefits of parallel implementation on supercomputers.

Computational experiments were carried out by the software developed by the authors.
This software is for supercomputer 3D modeling of processes of external flow around bodies
moving in a turbulent flow of compressible media [2]. The software is based on OOP
paradigm. The idea of the ”unified” operator allows us to specify an arbitrary sequence of
operators, which implements solution schemes, or create/add new operators if necessary.
In terms of this idea initial and boundary conditions are operators too. This approach
makes software more flexible for solution of applied problems in hydro and gas dynamic.

Results can be used to investigate of the heat flux dependency with respect to a
geometry of a fuel assembly and for estimation of the influence of turbulence on heat flux
intensity.
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Consider a system of nonlinear equations

F (x) = 0, F : RN → RN . (1)

We suppose that F is Frechet-differentiable in a neighborhood of the exact solution. Prob-
lems like (1) are often large, so standard classical Newton method are not usable. There-
fore so-called matrix-free methods are used in this case, such as Newton-Krylov [3] or
fixed-point-like iterations. In last case iteration process looks like

xk+1 = Ψ(F, xk), k = m, . . . , (2)

where Ψ is a contractive map in a neighborhood of the exact solution. The convergence rate
of the process (2) can be very slow. One of the possible approaches to convergence acceler-
ation is proposed in [2]. It is based on a special two-step iterative processes facilitated by
least-squares error damping, also known as Anderson iterations [1]. Let xk, xk−1, . . . , xk−m

be m + 1 vectors generated by process (2). Then it is be possible to refine xk using the
following procedure:

x̃k =
∑
i=0

cix
k−m+i, (c0, . . . , cm) = arg min ‖

∑
i=0

ciF (xk−m+i)‖2,
m∑
i=0

ci = 1. (3)

The talk presents the results of computational experiments with nonlinear problems orig-
inating from two-dimensional elliptic partial differential equations and a comparison with
the Newton-Krylov method.
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C0 interior penalty methods are discontinuous Galerkin methods for fourth order prob-
lems that are based on standard Lagrange finite element spaces for second order problems.
In this talk we will discuss the a priori and a posteriori error analyses of these methods
for fourth order elliptic boundary value problems and elliptic variational inequalities.

59



LINEAR MULTISTEP METHODS WITH VARIABLE
COEFFICIENTS BASED ON LEAST-SQUARES MINIMIZATION OF

RESIDUAL

Boris Faleichik
Computational Mathematics Department

Belarusian State University,
4 Nezavisimosti Ave., 220030 Minsk, Republic of Belarus

email: faleichik@bsu.by

Consider an initial value problem

u′(t) = f(t, u(t)), u(t0) = y0, u : R→ Rn,

and a k-step method of Adams type

yk = yk−1 + τ(β0f0 + . . .+ βk−1fk−1), (1)

fi = f(ti, yi), ti = t0 + iτ, yi ≈ u(ti). In contrast to the classical case, the coefficients {βi}
are supposed to be unknown. To determine these coefficients consider the residual

rk,p = Dpyk − f(tk, yk), (2)

where Dp is a standard backward-difference operator approximating the first derivative
with order p:

u′(t) ≈ Dpu(t) =
1

τ

(
αpu(t) + αp−1u(t− τ) + . . .+ α0u(t− pτ)

)
.

Then the unknown coefficients of (1) are determined as

β = (β0, . . . , βk−1)T = argmin
β∈Rk

‖rk,p‖2. (3)

It is clear that if ‖rk,p‖2 = 0 then the corresponding approximate solution yk coincides
with p-step BDF method [1].

We focus on the most tractable case f(t, u) = A(t)u+ b(t), where A is a matrix-valued
function and b is a vector-valued function. Then (3) is a standard linear least-squares
problem which can be solved using QR-decomposition in 2nk2 − 2

3k
3 flops.

In the talk we discuss approximation and stability properties of the proposed methods
and the results of numerical experiments.
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Let us introduce the Cauchy problem for autonomous system of ordinary differential
equations (ODEs):

u̇ = f(u), 0 < t < T, u(0) = u0,

To build an exponential method we add the linear term Au to both sides of equation [1]:

u̇ = Au+ g(u), g(u) = f(u)−Au, 0 < t < T, u(0) = u0,

After using the variation-of-constant formula we obtain the integral equation:

u(tn+1) = eAτu(tn) +

tn+1∫
tn

eA(τ−σ)g
(
u(tn + στ)

)
dσ, g(u) = f(u)−Au.

Rules for approximating the integral and matrix exponentials in the right path defines
the exponential integrator. This talk is devoted to derivation of exponential integrator
on the base of classical four-step Runge—Kutta method and it’s application for solving
stiff systems. Theorems about convergence order and stability function will be presented.
Various strategies for constructing the matrix A will be discussed. Numerical experiments
for linear and nonlinear problems, including nonlinear Van der Pole oscillator will be
presented. Some results on this topic may be found in
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A mathematical model for the penetration of an external magnetic field into an in-
finitely extended cylindrical film multilayer shell (screen) made of materials with a mag-
netic permeability that depends nonlinearly on the strength of the magnetic field is de-
veloped. The research is based on the results of [1]-[3], where a mathematical model for
screening a magnetic field by a single-layer film screen is constructed. The proposed math-
ematical model is a boundary value problem for the nonlinear equation of magnetostatics
in a cylindrical coordinate system with boundary conditions of the third kind (or integral
conditions) on the faces of a multilayer film and the conjugation conditions on contact
surfaces of materials with different magnetic properties. This problem is three-domain
problem: with the area inside the screen, the area in the multi-layered screen wall and
the infinite area outside the screen. In [1], a technique was developed for transforming
the three-domain problem into a one-domain problem in a film layer. On the basis of this
technique, the problem for a multilayer cylindrical shield reduces to solving the nonlinear
Laplace equation in a Cartesian coordinate system in a rectangular region with different
magnetic properties. A numerical method is constructed for finding the distribution of
the magnetic field intensity over the thickness of a multilayer screen and the screening
coefficient.

The work was carried out with the financial support of the Belarusian Republican
Foundation for Fundamential Research, project No. F18-128.
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The talk is devoted to the numerical computation of the minimizer of

min
u∈{0,1}n

1

2
〈Qu, u〉 − 〈q, u〉 subject to ‖u‖0 = N, (1)

where 〈·, ·〉 is the standard scalar product in Rn, Q ∈ Rn×n is a sparse M-matrix, q ∈ Rn,
and N is an integer such that 0 ≤ N ≤ n. Note that (1) is discretely formulated, meaning
that we are interested only in binary vectors u, the `0 pseudo-norm is non-convex, and
the problem is known to be NP-hard.

We propose a min-max type of iterative algorithm that at each step solves a continuous
penalized `1 relaxation

min
u∈[0,1]n

1

2
〈Qu, u〉 − 〈q, u〉 − λ〈s, u〉 subject to ‖u‖1 = N (2)

of (1) with a suitably chosen s. For the numerical derivation of the minimizers of (2)
we apply a change of basis in Rn, for which the cost function is decomposed element-
wise, and then we implement a parallelized version of the Alternating Direction Method
of Multipliers (ADMM) algorithm. The efficiency of the approach is due to the implicit
computation of the action of the dense operator Q−1/2 on Rn, based on best uniform
rational approximation of

√
t, t ∈ [0, 1].

Finally, we show a particular application of (1) in Image Processing of CT data, where
Q stands for the discrete graph-Laplacian operator in 3D and N is the physical volume
of the scanned object. Within this setup, we are able to digitally reconstruct the scanned
object more accurately than when using classical segmentation methods.

This research is supported by the Bulgarian National Science Fund under grant No.
BNSF-DM02/2.
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The novel tensor-structured numerical methods appeared from bridging of the alge-
braic tensor decompositions and the nonlinear approximation theory on separable rep-
resentation of multivariate functions and operators [5]. Now the rank-structured tensor
approach suggests a progress in the numerical treatment of the long-range electrostatic
potentials in many-particle systems, which was always considered as one of the challeng-
ing computational problems. The method of grid-based assembled tensor summation of
the electrostatics potentials on L × L × L three-dimensional large finite lattices provides
the computational complexity of the order of O(L) which is much less than O(L3) in
traditional approaches, like Ewald-type summation [2]. The tensor rank of the collective
potential of large 3D lattices is proven to be as low as a rank for a single Newton kernel.
For lattices with multiple vacancies the tensor rank is increased by a small factor [3].

Range-separated (RS) tensor format [1] applies to many particle systems with arbitrar-
ily located potentials. The main advantage of the RS tensor format is that the partition
of the long- and short-range parts is performed just by sorting skeleton vectors in the
tensor representation of the generating Newton kernel. It was proven [1] that the sum
of long range contributions from all particles in the collective potential is represented by
a low-rank canonical/Tucker tensor with a rank which only logarithmically depends on
the number of particles N . The basic tool here is the RHOSVD algorithm introduced in
[4]. The representation complexity of the short range part is O(N) with a small constant
independent on the number of particles. The numerical examples are presented.
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The Poisson-Boltzmann equation (PBE) gives a mean field description of the electro-
static potential in a system of molecule(s) and ionic solution. In this work, we derive
explicitly computable bounds on the error in energy norm for the PBE

−∇ ·
(
ε(x)∇φ̃

)
+ k2(x) sinh

(
φ̃
)

=
4πe2

c

kBT

N∑
i=1

ziδxi(x) in Ωm ∪ Ωs, (1a)[
φ̃
]

Γ
= 0, (1b)[

ε∇φ̃ · n
]

Γ
= 0, (1c)

φ̃ = g on ∂Ω, (1d)

where φ̃ is the unknown electrostatic potential, Γ is the interface between the domain
Ωm, occupied by the molecule(s), and the domain Ωs, occupied by the ionic solution. In
order to pose a standard weak formulation with a regular right hand side and a solution
in H1(Ω), two and three term splittings of φ̃ are utilized [4].
This work is a continuation of [1] and the a posteriori error estimation analysis is based on
the functional approach in [2]. The generality of this approach allows us to derive not only
guaranteed bounds on the error, but also a near best approximation result for the regular
component of the potential. Such a result is the basis for a finite element convergence
analysis in energy norm. A patchwise equilibrated flux reconstruction technique ([3]) is
used to obtain a conforming approximation of the dual variable. In this way, the error
estimation part of the adaptive algorithm can be realized in a very efficient manner in
parallel. We also present numerical examples performed on two sytems - Alexa 488 and
Alexa 594, and an insulin protein with a PDB ID: 1RWE.
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In this talk, we construct and investigate efficient solvers for large-scale linear systems
of algebraic equations arising from the space-time isogeometric analysis (IGA) of parabolic
evolution problems. We consider decompositions of the space-time cylinder into time-
slabs, where each slab can again be decomposed into several space-time patches. We use
dG techniques to provide information transfer between the time slabs, whereas the patches
within a time-slab are coupled in a conforming way. The considered discretization is based
on a time-upwind scheme that yields optimal convergence rates for sufficiently smooth
solutions [2], see also [4] for the single-patch case. The aim of the talk is to investigate
new fast solvers that are based on the time-parallel multigrid method introduced in [1]. We
present different strategies for an efficient realization of the smoother, which is the most
costly part in the time-parallel multigrid method since it needs an approximation of the
matrices belonging to the time-slabs. On the one hand side, we use local preconditioners for
the time-slab problems. Due to the upwind-stabilization that makes the problem elliptic
on the IGA space, AMG and IETI-DP preconditioners work very well. On the other
hand, we construct new preconditioners for approximating the ideal smoother in such a
way that only preconditioners for the spatial SPD problems are required. The main idea
consists in spectral decompositions of the time-slab matrices into a series of spatial SPD
matrices. The proposed algorithms are well suited for parallelization in time as well as in
space. We conclude the talk with numerical experiments confirming the theoretical results.
Moreover, we present scalability studies on massively parallel computers. The talk is based
on the joint works [2] and [3] with C. Hofer, M. Neumüller and I. Toulopoulos, which were
supported by the Austrian Science Fund under the grants S 117-03 and W 1214-04.
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We consider an infinite cylinder, covered by a ferrofluid layer. The ferrofluid layer
decreases an intensity of the externally applied uniform magnetic field, transmitted into
the interior of the cylinder. The shielding effectiveness of the ferrofluid layer depends on
the ferrofluid material properties and on the layer thickness.

The mathematical model is given by a nonlinear transmission problem of magneto-
statics for three media: two nonmagnetic media inside and outside of the cylinder and a
magnetic medium of the ferrofluid between two nonmagnetic ones. Two linear subprob-
lems for the magnetic potential in the nonmagnetic media are described by the Laplace
equations, whereas the nonlinear subproblem is formulated in the ferrofluid layer. The non-
linearity is treated in different forms resulting in three mathematical models for weakly-,
moderately- and highly-concentrated ferrofluids, respectively.

A coupled method of boundary elements and finite differences is applied to solve the
magnetostatics problem. Two linear subproblems are discretised by the boundary element
method. The nonlinear subproblem is approximated by the finite-difference approach with
the second order on a uniform mesh. The problem is treated as a two-dimensional one
in the polar coordinate system. The computational process is organized in an iterative
manner, where three subproblems are solved consequently at every iteration.

The numerical computations predict an efficiency of the ferrofluid shield in weak mag-
netic fields with intensities of ≤ 102 A/m, whereas the concentration of ferroparticles
could be considered as a way to control the field intensity, shielded into the interior of the
cylinder. The numerical results are published in [1, 2].

The authors want to thank the Belarusian Republican Foundation for Fundamental
Research for financial support of the project 1.5.01.3 within the State Research Program
,,Convergence-2020”.
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The new results concerning coefficient stability of the solution of the finite-difference
scheme approximating the initial boundary value problem for semi-linear parabolic equa-
tion are presented. The sufficient conditions on the input data, guaranteeing the bound-
edness of the solutions of differential and finite-difference problems, are obtained. The es-
timates are obtained for the perturbation of the solution of the linearized finite-difference
scheme with respect to perturbation of coefficients of the equation. These estimates are
consistent with corresponding estimates for differential problem.
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For classical and singularly perturbed parabolic equations, we present maximum norm
a posteriori error estimates that, in the singulaly perturbed regime, hold uniformly in
the small perturbation parameter. The parabolic equations are discretised in time using
the backward Euler method, the Crank-Nicolson method and the discontinuous Galerkin
dG(r) method. Both semidiscrete (no spatial discretation) and fully discrete cases will
be considered. The analysis invokes elliptic reconsturcions and elliptic a posteriori error
estimates.

Joint work with Natalia Kopteva (University of Limerick, Ireland) and (in parts) with
Goran Radojev (University of Novi Sad, Serbia)
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Some optimal design problems in topology optimization eventually lead to degenerate
convex minimization problems E(v) :=

∫
ΩW (∇v)dx−

∫
Ω fvdx for v ∈ H1

0 (Ω) with possibly
multiple minimizers u, but with a unique stress σ := DW (∇u). The discretization of
degenerate convex minimization problems experience numerical difficulties with a singular
or nearly singular Hessian matrix. This talk studies a modified discretization by adding a
stabilization term to the discrete energy. It will be proven that this stabilization technique
leads to a posteriori error control on unstructured triangulations, and so enables the use
of adaptive algorithms.
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The results of 3D hydrodynamical simulations of accretion flow in the eclipsing dwarf
nova V1239 Her in quiescence are presented. The model [1] contains the optical star
filling its Roche lobe, a gas stream emanating from the inner Lagrangian point of the
binary system, and the accretion disc structure. The cold hydrogen stream coming from
L1 lagrangian point to accretor vicinity is modelled using Euler system of equations for
compressible inviscid partially-ionized gas. The Rosche gravitational potential, matter
radiative cooling and binary star system rotation are taken into account in mathematical
problem formulation.

The numerical scheme for governing equations solution is based on Godunov-type
finite difference scheme written for unstructured tetrahedral meshes. Well-known HLLC
numerical flux [2] is adapted for calculations with non-perfect partially-ionized gas. The
scheme algorithm is implemented in parallel solver for cluster computational systems. The
solver is good scalable up to 500 processor cores.

The light curve of the system is calculated using obtained hydrodynamical solution
as the volume emission of optically thin layers along the line of sight up to the optical
depth τ = 2/3 calculated using Planck-averaged opacities. The calculated eclipse light
curves show good agreement with observations, with the changing shape of pre-eclipse
and post-eclipse light curve being explained entirely due to ∼ 50% variations in the mass
accretion rate through the gas stream.

The work is supported by Russian Foundation for Basic Research (projets 16-02-00656,
18-01-00252).
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Two-sided estimates for difference problems are important for problems with un-
bounded nonlinearity, since it is necessary to prove that solution belongs to a neigh-
bourhood of the exact solution. To obtain a difference analogue of differential estimates,
we use the maximum principle for difference schemes with variable sign input data [1].

This result allows us for linearized difference scheme on uniform grid that approximates
the Dirichlet problem for multidimensional quasilinear parabolic equation with unbounded
nonlinearity to construct two-side pointwise estimates of the solution consistent with the
corresponding estimates for the differential problem were established [2]. In [3] the previous
results were generalized for the case of non-uniform spatial grids.

Also this principle has been fruitfully implemented for investigation of convergence of
difference schemes for IBVP for quasilinear parabolic equations with generalized solutions
[4], for construction of monotone numerical methods for a one-dimensional non-linear
Biot’s model [5], and for weakly coupled systems of elliptic and parabolic equations [6].
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The choice of the kernel is known to be a challenging and central problem of kernel
based supervised learning. Recent applications and significant amount of literature have
shown that using multiple kernels (the so-called Multiple Kernel Learning (MKL)) instead
of a single one can enhance the interpretability of the learned function and improve perfor-
mances. However, a comparison of existing MKL-algorithms shows that though there may
not be large differences in terms of accuracy, there is difference between MKL-algorithms
in complexity as given by the training time, for example.

In this talk we present a promising approach for training the MKL- machine by the
linear functional strategy, which is either faster or more accurate than previously known
ones. Moreover, we also briefly discuss a possibility of applying our MKL-strategy for
predicting the risk of nocturnal hypoglycemia of diabetes patients.
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John Butcher developed an algebraic theory of integration methods in 1972. In par-
ticular, he studied the composition of several different methods. This led a theory of
order for Runge-Kutta methods, the Runge-Kutta group and B-Series (Harier/Wannder
1974). Since then B-Series have been used in various ways to derive and analyse numerical
methods.

We will describe how B-series computations work and how they can be implemented
conveniently in Python. The special case of stage order q will be discussed in detail. We
used these tools to derive a G-symplectic general linear method of order 6.
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A new second-order in space linearized difference scheme on non-uniform grid that
approximates the Dirichlet problem for multidimensional quasilinear convectiondiffusion
equation with unbounded nonlinearity is constructed. Proposed algorithm is a novel non-
linear generalization of difference schemes for linear problems developed earlier by the
authors. Nontrivial two-side pointwise estimates of the solution of the scheme fully con-
sistent with the corresponding estimates for the differential problem are established. Such
estimates permit to prove the nonnegativity of the exact solution, important in physical
problems, and also to find sufficient conditions on the input data when the nonlinear prob-
lem is parabolic. As a result a priori estimates of the approximate solution in the grid
norm C that depend on the initial and boundary conditions and on the right-hand side
only are proved.
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In this talk we present sharp pointwise error estimates h2|lnh| for piecewise linear
finite element solutions of either the homogeneous Dirichlet boundary value problem

−∆y = f in Ω,

y = 0 on Γ

or the Neumann boundary value problem

−∆y + y = f in Ω,

∂ny = g on Γ,

where Ω is a plane polygonal domain with boundary Γ.
It is well known that due to corner singularities in general polygonal domains solutions

of the problems above might be less regular than it is needed to obtain sharp convergence
rates using quasi-uniform triangulations. Therefore, in order to overcome this issue one
can consider solutions weighted Sobolev spaces and use mesh grading towards the corners
of the underlying domain.

The sharp pointwise error estimate for the Neumann boundary value problem can be
found in [1]. The sharp pointwise error estimate for the homogeneous Dirichlet boundary
value problem is given in [2], where the exponent of the logarithmic term in comparison
to [3] is reduced.
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Blow-up conditions and upper bound of blow-up time for the wide class of nonlinear
source function, coefficients and input data of Dirichlet problem for reaction diffusion
equation with non-linear of the gradient were obtained. The result is based on approaches
applied to Dirichlet problem for quasilinear parabolic equation [1].

Consider initial boundary value problem

∂g(u)

∂t
=

m∑
α=1

∂

∂xα

((
∂u

∂xα

)2n+1
)

+ f(u), (x, t) ∈ Ω× (0, T ), (1)

u(x, t) = µ, (x, t) ∈ ∂Ω× (0, T ), u(x, 0) = u0(x), x ∈ Ω, (2)

where Ω = {x = (x1, x2, . . . , xm)} ⊂ Rm is bounded connected domain with smooth
boundary ∂Ω, Ω̄ = Ω ∪ ∂Ω, QT = Ω × (0, T ], µ = const ≥ 0, u0(x) ∈ C(Ω̄),
u0(x) ≥ µ x ∈ Ω, f(u) is continuous and nonnegative under u ≥ µ. Let F (u) be an
antiderivative of the function f(u). The following conservation law

E(t) = E(0), E(t) =

t∫
0

(
g′(u),

∂2u

∂t2

)
dt+

1

2n+ 2

m∑
α=1

∣∣∣∣∣
∣∣∣∣∣
(
∂u

∂x

)n+1
∣∣∣∣∣
∣∣∣∣∣
2

− (F (u), 1) (3)

corresponds to the problem (1)-(2), where (u, v) =
∫
Ω

uvdx, ||u||2 = (u, u).

Theorem. Suppose that the following conditions are satisfied:
1. G(v) = mesΩ · f

(
Φ−1

(
1

mesΩv
))

Φ−1
(

1
mesΩv

)
+ mesΩ · F

(
Φ−1

(
1

mesΩv
))

is convex
continuous function under v ≥ v0 where Φ(u) =

∫
g′(w)wdw.

2. There exists T1 <∞ which satisfies the following condition

∞∫
v0

dw

G(w)− E(0)
= T1, v0 = v(0) =

∫
Ω

Φ(u(x, 0))dx.

3. E(0) < min
v≥v0

G(v); then solution of (1)-(2) blows up, i. e. lim
t→Tb

sup
x∈Ω

u(x, t) = ∞

and Tb ≤ T1.
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In this paper, a numerical algorithm which combines fuzzy transform and Picard-like
recursions is adapted for solving weakly singular delay integral equations of the form

y(x) = f(x) +

∫ χx

0
(χx− s)−µK(x, s)y(s)ds, x ∈ I := [a, b], (1)

where 0 < χ < 1, 0 < µ < 1, f(x) and K(x, s) are given continuous functions, with
K(x, t) 6= 0 for t ∈ I.

Such kind of problem was investigated in [1], by using Jacobi-collocation methods
jointly with function and variable transformations in order to reduce it to a new Volterra
integral equation over the interval [-1, 1].

For linear cases, the proposed method provides a non–recursive approximate solution
based on operational matrices and vectors of known quantities. Numerical results show
the good performance of the proposed method against known solutions. More details on
the fuzzy transforms can be found in [2, 3, 4].
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For a boundary value problem to a singularly perturbed ordinary differential convec-
tion diffusion equation with a perturbation parameter ε multiplying the highest-order
derivative in the equation, ε ∈ (0, 1], we construct and study an improved computer A.A.
Samarskii scheme on a uniform grid in the presence of computer perturbations. This
scheme converges at the rate O(ε−2N−2) in the maximum norm, where N + 1 is the
number of nodes in the grid.

Standard difference schemes on uniform grids for singularly perturbed convection dif-
fusion equations in the presence of computer perturbations were studied by the author in a
number of papers. It was shown that, both for ordinary differential and for parabolic sin-
gularly perturbed convection-diffusion equations, monotone standard difference schemes
on uniform grids are not ε-uniformly well-conditioned and ε-uniformly stable to pertur-
bations, in particular, to perturbations arising in actual computations that makes them
unsuitable for practical use. The conditions imposed on admissible computer perturba-
tions were obtained under which accuracy of the perturbed computer solution is the same
as the solution of an unperturbed difference scheme, i.e., a standard scheme in the absence
of perturbations. Such type schemes with controlled computer perturbations belong to
computer difference schemes, also named reliable difference schemes.

For the Samarskii scheme under consideration, conditions imposed on admissible com-
puter perturbations were also obtained under which accuracy of the perturbed computer
solution is of the same order as the solution of an unperturbed difference scheme, i.e., a
standard scheme in the absence of perturbations. In the Samarskii scheme, the Reynolds
number has a key role in increasing the convergence order.

This research was partially supported by the Russian Foundation for Basic Research
under grant No. 16-01-00727.
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An initial-boundary value problem on an interval with a Neumann condition on the
boundary is considered for a singularly perturbed one-dimensional singularly perturbed
parabolic equation with a perturbation parameter ε multiplying the highest-order deriva-
tive in the equation, ε ∈ (0, 1]. In this problem, when ε tends to zero, boundary layers
appear in neighborhoods of the lateral boundary creating difficulties in their numerical
solution.

In the talk, we develop a technique for numerical study of convergence for solutions
of standard difference schemes constructed using monotone grid approximations [1, 2]
of the differential problem; this technique is based on a decomposition of the problem
solution into the regular and singular components. For these components, the differential
and grid problems are constructed. The influence of the perturbation parameter ε on
the behavior of errors in solutions of difference schemes on a uniform and special grids
is studied both for the solution itself and for its components. It is shown that when we
use a standard difference scheme on a uniform grid, the largest error in the approximate
solution is introduced by an error related to the singular part of the solution, moreover,
the error in the grid solution grows unboundedly when the parameter ε → 0. Thus, the
solution of such a scheme does not converge independently of the parameter ε, i.e., ε-
uniformly. The use of a special difference scheme on a grid of type “Shishkin grid”, which
is a piecewise-uniform mesh with respect to x condensing in neighborhoods of boundary
layers and uniform mesh in t, allows us to find the numerical solution of this problem
convergent in the maximum norm ε-uniformly. Results of numerical experiments confirm
the theoretical results.

This research was partially supported by the Russian Foundation for Basic Research
under grant No. 16-01-00727.
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In recent years, achievements in approximation the action of a matrix exponential to
a vector have raised a new interest in the construction and implementation of exponential
integrators – a class of powerful methods specifically designed for solving semilinear stiff
evolution equations where, the linear term is separated and solved by a matrix exponential
and a time stepping technique is applied to the nonlinear term. Our interest here is in
a posteriori global error estimation.

In this talk we consider an initial value problem for a function u : [0, T ]→ Rd,

u′(t) = Au(t) + g(t, u(t)), u(0) = u0. (1)

We assume that a numerical approximation u = (un) for the exact solution u∗(t) of (1)
is computed, by an exponential multistep scheme (see [1, 2]), and we wish to estimate its
error en = un − u∗(tn) by a defect correction technique. To this end one uses a simple
auxiliary scheme, for instance the first-order exponential Euler scheme and also integrates
a modified problem involving the defect of (un). In this way an estimate for the global
error can be constructed.

We explain the idea of the construction and present numerical examples.
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Alikhanov’s high-order scheme for Caputo fractional derivatives of order α ∈ (0, 1)
is generalised to nonuniform meshes and analysed for initial-value problems (IVPs) and
initial-boundary value problems (IBVPs) whose solutions display a typical weak singularity
at the initial time. It is shown that, when the mesh is chosen suitably, the scheme attains
order 3− α convergence for the 1-dimensional IVP and second-order convergence for the
IBVP. For the IBVP we consider the case where the spatial domain is the unit square and
use a spectral method to discretise in space, but other spatial domains and other spatial
dimensions and discretisations are possible. Numerical results demonstrate the sharpness
of the theoretical convergence estimates.
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We combine the surface finite element method (SFEM) [1, 2] with the local projec-
tion stabilization (LPS) [3, 4] to solve convection-diffusion-reaction equations on surfaces.
Based on the coercivity of the underlying bilinear form with respect to the mesh-dependent
LPS-norm existence of a unique solution and semi-robust a priori error estimates can be
established. A more thorough investigation shows that the bilinear form even satisfies an
inf-sup condition in a norm stronger than the standard LPS-norm leading to improved
stability properties.
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If the computational grid is structured, it is possible to develop a pseudomultigrid ap-
proach for space-type problems with the least number of problem-dependent components,
close-to-optimal complexity and high parallel efficiency [1]. A challenging trend in numer-
ical simulation and scientific computing is a black-box generation of the boundary-fitted
logically rectangular grids in complicated (3D) domains.

Assume that the isosurfaces of functions U(x, y, z), V (x, y, z) and W (x, y, z) form a
computational grid. The goal of this work is to pose boundary value problems (BVP) for
determination of the functions U , V and W . In addition, these functions should satisfy to
some conditions guaranteeing quality of the generated grid.

Grid orthogonality condition and differential substitution

Θi =
3∑

n=1

(
ainΨ′ζn + binΦ′ζn + cinΛ′ζn

)
, i = 1, 2, 3,

where x = ζ1, y = ζ2, z = ζ3, Θ1 = U , Θ2 = V , Θ3 = W , some functions Ψ, Φ, Λ and
unknown coefficients ain, bin, cin are used for formulation of the boundary value problems.
The coefficients ain, bin, cin are used for simplification of the resulted BVP.

It is shown that there are two approaches for generating the orthogonal 2D grids. Some
partial cases and general problems of orthogonal 3D grids generation are discussed.

The activity is a part of the work “Supercomputer simulation of physical and chemical
processes in the high-speed direct-flow propulsion jet engine of the hypersonic aircraft on
solid fuels” supported by Russian Science Foundation (project no. 15-11-30012).

REFERENCES

[1] Martynenko, S. (2017) The Robust Multigrid Technique. For Black-Box Software. -
De Gruyter. - 198 p.

84



THE SCHEMES FOR THE ADVECTION EQUATION

Petr Vabishchevich
Nuclear Safety Institute, Russian Academy of Sciences

52, B. Tulskaya, Moscow, Russia;
North-Eastern Federal University,
58, Belinskogo, Yakutsk, Russia

e-mail: vabishchevich@gmail.com

The advection equation is the basis for mathematical models of continuum mechanics.
In the approximate solution of nonstationary problems it is necessary to inherit main
properties of the conservatism and monotonicity of the solution.

In this report, the advection equation is written in the symmetric form, where the
advection operator is the half-sum of advection operators in conservative (divergent) and
non-conservative (characteristic) forms [1]. The advection operator is skew-symmetric.
Standard finite element approximations [2] in space are used.

The standard explicit two-level scheme for the advection equation is absolutely un-
stable. New conditionally stable regularized schemes are constructed, on the basis of
the general theory of stability (well-posedness) of operator-difference schemes [3, 4], the
stability conditions of the explicit Lax-Wendroff scheme are established.

Unconditionally stable and conservative schemes are implicit schemes of the second
(Crank-Nicolson scheme) and fourth order [5]. The conditionally stable implicit Lax-
Wendroff scheme is constructed. The accuracy of the investigated explicit and implicit
two-level schemes for an approximate solution of the advection equation is illustrated by
the numerical results of a model two-dimensional problem.
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We discuss error identities for two classes of free boundary problems generated by
obstacles. The identities suggest true forms of the respective error measures which consist
of two parts: standard energy norm and a certain nonlinear measure. The latter measure
controls (in a weak sense) approximation of free boundaries. Numerical tests confirm
sharpness of error identities and show that in different examples one or another part of
the error measure may be dominant. We also provide computable upper bounds of error
measures in terms of so called functional majorants. This is a joint work with Sergey
Repin (St. Peterburg) a Farid Bozorgnia (Lisabon).
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The presentation is based on numerical homogenization by the local orthogonal de-
composition method and has the aim of providing a link between numerical and analytical
homogenization. A new, corrector-dependent coefficient is considered, defined as a piece-
wise constant on the underlying triangulation of the domain. We show that in periodic
homogenization, under certain assumptions on the geometry of the mesh, the proposed
coefficient coincides with the effective coefficient from classical homogenization.
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Many systems of ODEs are of the form

y′ = f(t, y) + g(t, y)

with stiff part f and nonstiff part g, for instance MOL discretizations of diffusion-advection-
reaction equations. This kind of problems can be treated efficiently by implicit-explicit
(IMEX) methods. In IMEX methods the stiff part is solved by an implicit method, the
nonstiff part is solved by an explicit method.

In this talk we consider s-stage IMEX peer methods of order p = s for variable and of
order p = s+ 1 for constant step sizes. They are combinations of s-stage superconvergent
implicit and explicit peer methods. Due to their high stage order no order reduction
appears. This is in contrast to one-step IMEX methods. On the other hand compared
with multistep methods there is no order bound for A-stability of the implicit part.

We construct methods of order p = s + 1 for s = 3, 4, 5 where we compute the free
parameters numerically to give good stability with respect to a general linear test problem
frequently used in the literature. Numerical tests and comparison with two-step IMEX
Runge-Kutta methods confirm the high potential of the superconvergent IMEX peer meth-
ods.
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We consider a fractional Adams method for solving the nonlinear fractional differential
equation C

0 D
α
t y(t) = f(t, y(t)), α > 0, equipped with the initial conditions y(k)(0) =

y
(k)
0 , k = 0, 1, . . . , dαe − 1. Here α may be an arbitrary positive number and dαe denotes

the smallest integer no less than α and the differential operator is the Caputo derivative.
Under the assumption C

0 D
α
t y ∈ C2[0, T ], Diethelm et al. [1, Theorem 3.2] introduced a

fractional Adams method with the uniform meshes tn = T (n/N), n = 0, 1, 2, . . . , N and
proved that this method has the optimal convergence order uniformly in tn, that is O(N−2)
if α > 1 and O(N−1−α) if α ≤ 1. They also showed that if C

0 D
α
t y(t) /∈ C2[0, T ], the optimal

convergence order of this method cannot be obtained with the uniform meshes. However,
it is well known that for y ∈ Cm[0, T ] for some m ∈ N and 0 < α < m, the Caputo
fractional derivative C

0 D
α
t y(t) takes the form “ C0 D

α
t y(t) = ctdαe−α + smoother terms”[1,

Theorem 2.2], which implies that C
0 D

α
t y behaves as tdαe−α which is not in C2[0, T ]. By

using the graded meshes tn = T (n/N)r, n = 0, 1, 2, . . . , N with some suitable r > 1, we
show that the optimal convergence order of this method can be recovered uniformly in tn
even if C

0 D
α
t y behaves as tσ, 0 < σ < 1. Numerical examples are given to show that the

numerical results are consistent with the theoretical results.

REFERENCES

[1] K. Diethelm, N.J. Ford and A.D. Freed (2004) Detailed error analysis for a fractional
Adams method. Numer. Algor., 36: 31-52.
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